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CONFORMING MIXED TRIANGULAR PRISM AND
NONCONFORMING MIXED TETRAHEDRAL ELEMENTS FOR
THE LINEAR ELASTICITY PROBLEM
JUN HU AND RUI MA
Abstract. We propose two families of mixed finite elements for solving the
classical Hellinger-Reissner mixed problem of the linear elasticity equations
in three dimensions. First, a family of conforming mixed triangular prism
elements is constructed by product of elements on triangular meshes and el-
ements in one dimension. The well-posedness is established for all elements
with k ≥ 1, which are of k + 1 order convergence for both the stress and
displacement. Besides, a family of reduced stress spaces is proposed by drop-
ping the degrees of polynomial functions associated with faces. As a result,
the lowest order conforming mixed triangular prism element has 93 plus 33
degrees of freedom on each element. Second, we construct a new family of
nonconforming mixed tetrahedral elements. The shape function spaces of our
stress spaces are different from those of the elements in literature.
Keywords. mixed finite element, triangular prism element, linear elasticity,
nonconforming tetrahedral element
AMS subject classifications. 65N30, 73C02.
1. Introduction
In the Hellinger-Reissner mixed formulation of the linear elasticity equations, it is
a challenge to design stable mixed finite element spaces mainly due to the symmetric
constraint of the stress tensor, see some earlier work for composite elements and
weakly symmetric methods in [2, 6, 7, 31, 35, 36, 37]. In [10], Arnold and Winther
designed the first family of mixed finite element methods in two dimensions, based
on polynomial shape function spaces. The analogue of the results on tetrahedral
meshes can be found in [1, 4], and rectangular and cuboid meshes in [3, 12, 19].
Since the conforming symmetric stress elements have too many degrees of freedom,
there are some other methods to overcome this drawback. We refer interest readers
to nonconforming mixed elements, see [5, 11, 16, 22, 38] on simplicial meshes, and
[27, 32, 40, 41] on rectangular and cuboid meshes. For the weakly symmetric
mixed finite element methods for linear elasticity, we also refer to some recent work
in [9, 13, 20, 33].
Recently, Hu and Zhang [28, 29] and Hu [24] proposed a family of conforming
mixed elements on simplical meshes for any dimension. This new class of ele-
ments has fewer degrees of freedom than those in the earlier literature. For k ≥ n,
the stress tensor is discretized by Pk+1 finite element subspace of H(div) and the
displacement by piecewise Pk polynomials. Moreover, a new idea is proposed to
The first author was supported by NSFC projects 11271035, 91430213 and 11421101.
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analyze the discrete inf-sup condition and the basis functions therein are easy to
obtain. For the case that 1 ≤ k ≤ n − 1, the symmetric tensor spaces are en-
riched by proper high order H(div) bubble functions to stabilize the discretization
in [30]. Another method by stabilization technique to deal with this case can be
found in [17]. We also refer to [21] for two types of interior penalty mixed finite
element methods by using nonconforming symmetric stress spaces, where the sta-
bility is established by introducing the conforming H(div) bubble spaces from [24]
and nonconforming face-bubble spaces. Corresponding mixed elements on both
rectangular and cuboid meshes were constructed in [23], also see [18, 25] for the
lowest order mixed elements, while the simplest nonconforming mixed element on
n-rectangular meshes can be found in [26].
In this paper, we first propose a family of conforming mixed triangular prism
elements for the linear elasticity problem. Triangular prism meshes can deal with
some columnar regions, and in this case, the triangular prism partition is more
easily achieved than the tetrahedral partition. The key idea here of construct-
ing triangular prism elements is using a product structure that each prism can be
treated as the product of a triangle and an interval. By dividing the stress variable
into three parts, we construct the stress space through a combination of the mixed
elasticity element [24, 28] and the Brezzi-Douglas-Marini element [15] on triangular
meshes, and some other basic elements in one and two dimensions. In this way,
we obtain conforming mixed triangular prism elements for any integer k ≥ 1. The
stability analysis is established by the theory developed in [23, 24, 28, 30]. A fam-
ily of reduced stress spaces is also proposed by dropping the degree of polynomials
associated with faces. The reduced elements still preserve the same order of con-
vergence. The lowest order case has 93 plus 33 degrees of freedom on each element.
In addition, by using the lowest order nonconforming mixed element in [11, 22] on
triangular meshes, we obtain a nonconforming mixed triangular prism element of
first order convergence, of which degrees of freedom are 81 plus 33.
Second, we propose a new family of nonconforming mixed tetrahedral elements.
A family of nonconforming elements and its reduced elements have been constructed
on simplicial meshes in two and three dimensions in [22]. As mentioned in [5], the
reduced stress spaces in [22] are not uniquely defined, but for each edge of the
triangulation require a choice of a favored endpoint of the edge. By introducing
another shape function space, a new nonconforming stress space was proposed in
[5] for the lowest order case, which needs some constraints on each edge. Here,
we define the stress spaces with new shape function spaces for any k ≥ 1. Unlike
the spaces in [5, 22], our shape function spaces have explicit and unique forms.
Similar nonconforming mixed elements are also proposed on triangular meshes for
solving linear elasticity equations in two dimensions. Besides, we present the basis
functions of the stress space for the lowest order element.
The rest of the paper is organized as follows. In Section 2, we define the con-
forming mixed triangular prism finite element methods and present the basis func-
tions. In Section 3, we prove the well-posedness of these elements, i.e. the discrete
coerciveness and the discrete inf-sup condition. By which, the optimal order con-
vergence of the new elements follows. In Section 4, we propose a family of reduced
mixed triangular prism elements. In Section 5, we propose the new nonconforming
mixed tetrahedral elements. Besides, we present the basis functions of the stress
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space for the lowest order case. Similar results on triangular meshes are presented
as well. In the end, we provide some numerical results.
2. The family of conforming mixed triangular prism elements
Based on the Hellinger-Reissner principle, the linear elasticity problem within
a stress-displacement (σ-u) form reads: Find (σ, u) ∈ Σ × V := H(div,Ω; S =
symmetric R3×3)× L2(Ω;R3), such that{
(Aσ, τ) + (divτ, u) = 0 for all τ ∈ Σ,
(divσ, v) = (f, v) for all v ∈ V.
(2.1)
Here the symmetric tensor space for the stress Σ and the space for the vector
displacement V are, respectively,
H(div,Ω; S) :=
{
τ =
τ11 τ12 τ13τ21 τ22 τ23
τ31 τ32 τ33
 ∈ H(div,Ω;R3×3), τT = τ},(2.2)
L2(Ω;R3) := {v = (v1 v2 v3)
T ∈ L2(Ω;R3)}.(2.3)
This paper denotes by Hk(ω;X) the Sobolev space consisting of functions with
domain ω, taking values in the finite-dimensional vector space X , and with all
derivatives of order at most k square-integrable. For our purposes, the range space
X will be either S, R3, R2, or R, and in some cases, X will be S2 = symmetric R
2×2
as well. Let ‖ · ‖k,ω be the norm of H
k(ω) and H(div, ω; S) consist of square-
integrable symmetric matrix fields with square-integrable divergence. The H(div)
norm is defined by
‖τ‖2H(div,ω) := ‖τ‖
2
0,ω + ‖divτ‖
2
0,ω.
Let L2(ω;X) be the space of functions which are square-integrable. Here, the
compliance tensor A = A(x) : S → S, characterizing the properties of the material,
is bounded and symmetric positive definite uniformly for x ∈ Ω.
This paper deals with a pure displacement problem (2.1) with the homogeneous
boundary condition that u ≡ 0 on ∂Ω. But the method and the analysis work for
mixed boundary value problems and the pure traction boundary problem.
2.1. The discrete stress and displacement spaces. To obtain triangular prism
partitions, we suppose that the domain Ω = Ωxy × Ωz, where Ωxy is a polygon on
the (x, y)-plane and Ωz is an interval on the z-axis. The domain Ω is subdivided
into the union of non-overlapping shape-regular triangular prism elements such
that the non-empty intersection of any distinct pair of elements is a single common
vertex, edge or face. Let Th be the set consisting of all these elements (with the
mesh size h). In fact, we also obtain partitions of Ωxy and Ωz, which are denoted
by Xh and Zh, respectively. Given triangle ∆xy ∈ Xh and interval ∆z ∈ Zh,
K = ∆xy × ∆z is thus a triangular prism element in Th. Then, each element K
in Th is equipped with a product structure. Given element, face or edge ω, let |ω|
denote the measure of ω. Let divxy, ∇xy and curlxy denote the divergence, gradient
and curl operators with respect to the variables x and y, respectively. Given any
integer k, let Pk(ω;X) denote the space of polynomials over ω of total degrees not
greater than k, taking values in the finite-dimensional vector space X. Let Pk(z) be
the space of polynomials of degree not greater than k with respect to the variable
z, and let Pk(x, y) be the space of polynomials of degree not greater than k with
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respect to the variables x and y. Given face F of K satisfying F = e ×∆z, where
e ⊂ ∂∆xy, let Qk1,k2(F ) = Pk1(e;R)× Pk2(∆z ;R) for any integers k1 and k2.
We define the following spaces associated with partition Zh for s = 0, 1 and
k ≥ s
Lsk(Zh) := { v ∈ H
s(Ωz ;R) | v|∆z ∈ Pk(z) for any ∆z ∈ Zh},
and the space associated with partition Xh for k ≥ 0
L0k(Xh) := {v ∈ L
2(Ωxy;R) | v|∆xy ∈ Pk(x, y) for any ∆xy ∈ Xh}.
Before defining the space for the stress, we introduce the mixed elasticity finite
elements in two dimensions of [24, 28] and the Brezzi-Douglas-Marini (BDM here-
after) spaces of [15] for the mixed Poisson problem. We recall some notations in
[24, 28]. Let λi(1 ≤ i ≤ 3) denote the barycentric coordinates with respect to
the vertices xi of triangle ∆xy. For any edge xixj(1 ≤ i < j ≤ 3) of ∆xy, let
ti,j = xj − xi denote associated tangent vectors, which allow for us to introduce
the following linearly independent symmetric matrices of rank one
Ti,j = ti,jt
T
i,j , 1 ≤ i < j ≤ 3.
With these symmetric matrices Ti,j of rank one, we define a H(divxy,∆xy; S2)
bubble function space
H∆xy,k,b :=
∑
1≤i<j≤3
λiλjPk−2(∆xy;R)Ti,j ,
which satisfies
H∆xy,k,b = {τ ∈ Pk(∆xy; S2) | τνxy |∂∆xy = 0}.
Here and throughout the paper, let H(divxy, ω;X) consist of square-integrable
functions over ω with values in X and square-integrable divergence with respect
to x and y. Here X will be either S2 or R
2. The finite element space of order k
(k ≥ 3) for the stress approximation in two dimensions is
Hk,h :=
{
τ ∈ H(divxy,Ωxy; S2)
∣∣∣ τ = τc + τb, τc ∈ H1(Ωxy; S2),(2.4)
τc|∆xy ∈ Pk(∆xy; S2) , τb|∆xy ∈ H∆xy,k,b for any ∆xy ∈ Xh
}
.
A matrix field τ ∈ Pk(∆xy ; S2) can be uniquely determined by the following degrees
of freedom [24]
(1) the values of τ at three vertices of ∆xy,
(2)
∫
e
τνxy · p ds for any p ∈ Pk−2(e;R
2) and e ⊂ ∂∆xy,
(3)
∫
∆xy
τ : p dxdy for any p ∈ H∆xy,k,b.
Hereafter νxy is the normal vector of ∂∆xy.
The spaces of the BDM element are defined as follows for k ≥ 1
BDMk :={τ ∈ H(divxy,Ωxy;R
2) | τ |∆xy ∈ Pk(∆xy;R
2) for any ∆xy ∈ Xh}.
The vector-valued function τ ∈ Pk(∆xy;R
2) can be determined by the following
conditions (see e.g. [14]):
(1)
∫
e
τ · νxyp ds for any p ∈ Pk(e;R) and e ⊂ ∂∆xy,
(2)
∫
∆xy
τ · ∇xyp dxdy for any p ∈ Pk−1(x, y),
(3)
∫
∆xy
τ · p dxdy for any p ∈ Ψk(∆xy)
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(2.5) Ψk(∆xy) := {w|w = curlxy(bxyv), v ∈ Pk−2(x, y)},
where bxy := λ1λ2λ3 denotes the cubic bubble on ∆xy. We also introduce the
bubble function space
BDM∆xy,k,b := {τ ∈ Pk(∆xy;R
2) | τ · νxy|∂∆xy = 0}.
This space can be uniquely determined by the conditions in (2) and (3) above.
Based on the above finite element spaces, we use a product structure to define
the stress space of the conforming mixed triangular prism elements for k ≥ 1:
Σk,h :={τ =
τ11 τ12 τ13τ21 τ22 τ23
τ31 τ32 τ33
 ∈ L2(Ω; S) ∣∣ (τ11 τ12
τ21 τ22
)
∈ Hk+2,h × L
0
k(Zh),
(τ13, τ23)
T ∈ BDMk+1 × L
1
k+1(Zh), τ33 ∈ L
0
k(Xh)× L
1
k+2(Zh)}.
(2.6)
It is straightforward to show that Σk,h ⊂ Σ and the shape function space of the
element is
Σk(K) := {τ =
(
τ1 τ2
τT2 τ3
)
∈ H1(K; S)
∣∣ τ1 := (τ11 τ12τ21 τ22
)
∈ Pk+2(∆xy; S2)× Pk(z),
τ2 := (τ13, τ23)
T ∈ Pk+1(∆xy;R
2)× Pk+1(z), τ3 := τ33 ∈ Pk(x, y)× Pk+2(z)}.
(2.7)
Note that νxy is the normal vector of ∂∆xy and thus defined on ∂∆xy, then it is
also well defined on each face F of K that parallels the z-axis and each edge e of K
that parallels the (x, y)-plane. We present the degrees of freedom in the following
lemma.
Lemma 2.1. A matrix field τ ∈ Σk(K) can be uniquely determined by the following
conditions:
(1) the values of τ1 at k + 1 distinct points on edge e of K that parallels the
z-axis,
(2)
∫
F
τ1νxy · p dF for any p ∈ Qk,k(F ) and face F of K that parallels the
z-axis,
(3)
∫
K
τ1 : p dxdydz for any p ∈ H∆xy,k+2,b × Pk(z);
(4)
∫
e
τ2 · νxyp ds for any p ∈ Pk+1(e;R) and edge e of K that parallels the
(x, y)-plane,
(5)
∫
F
τ2 · νxyp ds for any p ∈ Qk+1,k−1(F ) and face F of K that parallels the
z-axis,
(6)
∫
F
τ2 · ∇xyp dxdy for any p ∈ Pk(x, y) and face F that parallels the (x, y)-
plane,
(7)
∫
F
τ2 · p dxdy for any p ∈ Ψk+1(∆xy) and face F that parallels the (x, y)-
plane,
(8)
∫
K
τ2 · ∇xyp dxdydz for any p ∈ Pk(x, y)× Pk−1(z),
(9)
∫
K
τ2 · p dxdydz for any p ∈ Ψk+1(∆xy)× Pk−1(z);
(10)
∫
F
τ3p dxdy for any p ∈ Pk(x, y) and face F that parallels the (x, y)-plane,
(11)
∫
K
τ3p dxdydz for any p ∈ Pk(x, y)× Pk(z).
Here τ1, τ2 and τ3 are defined in (2.7).
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Proof. Since the dimensions of the space Σk(K) are equal to the number of these
conditions, it suffices to prove that τ ≡ 0 if these conditions vanish. The first
and second conditions show that τ1νxy = 0 on side faces of triangular prism K.
Moreover it follows from (3) that τ1 = 0. Note that (4) plus (5) and (4), (6) plus
(7) yield that τ2 · νxy = 0 on side faces and τ2 = 0 on top and bottom faces,
respectively. Thus it follows from (8) and (9) that τ2 = 0. It remains to prove
τ3 = 0. Actually, condition (10) implies that
τ3 = bzg,
where bz is the quadratic bubble function on interval ∆z and g ∈ Pk(x, y)×Pk(z).
Using condition (11), we immediately obtain τ3 = 0. 
On each element K, the space for the displacement is taken as
Vk(K) :={v = (v1, v2, v3)
T ∈ H1(K;R3) | vi ∈ Pk+1(x, y)× Pk(z), i = 1, 2,(2.8)
v3 ∈ Pk(x, y)× Pk+1(z)}.
Then the global space for displacement reads
Vk,h :={v ∈ V | v|K ∈ Vk(K) for any K ∈ Th}.(2.9)
The mixed finite element approximation of Problem (2.1) reads: Find (σh, uh) ∈
Σk,h × Vk,h, such that{
(Aσh, τ) + (divτ, uh) = 0 for all τ ∈ Σk,h,
(divσh, v) = (f, v) for all v ∈ Vk,h.
(2.10)
2.2. Basis functions of the stress space. For convenience, we provide the basis
of the stress space Σk,h on element K. In fact, we only need to give the basis of
Hk,h(k ≥ 3) and BDMk(k ≥ 1). Thus we immediately obtain the basis of Σk,h
by the product structure. For any edge xixj(1 ≤ i < j ≤ 3) of ∆xy, xm being
the opposite vertex, let νi,j denote its associated normal vector and hm denote the
height of the triangle from xm to the opposite edge xixj .
For Hk,h(k ≥ 3), the basis functions can be found in [28, 30]. The canonical
basis of S2 reads
T1 =
(
1 0
0 0
)
, T2 =
(
0 1
1 0
)
, T3 =
(
0 0
0 1
)
.
Then the basis functions on triangle ∆xy are as follows:
(1) Given vertex xi
λiTj , j = 1, 2, 3;
(2) Given edge xixj , its associated basis functions with nonzero fluxes read
λiλjP˜k−2(λi, λj)νi,jν
T
i,j , λiλjP˜k−2(λi, λj)
ti,jν
T
i,j + νi,jt
T
i,j
2
;
(3) The basis functions of H∆xy,k,b are
λiλjPk−2(∆xy;R)ti,jt
T
i,j , 1 ≤ i < j ≤ 3.
Here
(2.11) P˜k(λi, λj) := span{λ
m1
i λ
m2
j ,m1 +m2 = k}.
For BDMk, the hierarchical basis functions can be found in [39]. We give another
basis functions following [14]:
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(1) Given edge xixj ,
1
hm
λitm,i,
1
hm
λjtm,j ,
1
2hm
λiλj P˜k−2(λi, λj)(tm,i + tm,j);
(2) The basis functions of BDM∆xy,k,b are
λiλj P˜k−2(λi, λj)ti,j , 1 ≤ i < j ≤ 3,
λ1λ2λ3Pk−3(∆xy;R
2).
Using the above two families of basis functions, we can easily construct the basis
functions of Σk,h(k ≥ 1) on element K = ∆xy ×∆z by the product technique. We
shall make explicit the lowest order case, of which the stress space is as follows
Σ1,h ={τ =
(
τ1 τ2
τT2 τ3
)
∈ L2(Ω; S)
∣∣ τ1 ∈ H3,h × L01(Zh), τ2 ∈ BDM2 × L12(Zh),
τ3 ∈ L
0
1(Xh)× L
1
3(Zh)}.
Let {φi}
30
i=1 and {ψi}
12
i=1 be the collection of basis functions of H3,h and BDM2 on
triangle ∆xy, respectively. Suppose that ∆z = [z0, z0 + h0], we introduce the affine
invertible transformation
F∆z : [0, 1]→ [z0, z0 + h0], z = h0ξ + z0, ξ ∈ [0, 1].
Thus we select τ such that τ2 = τ3 = 0 and
τ1 ∈ {φiξ, φi(1− ξ)}
30
i=1,
τ1 = τ3 = 0 and
τ2 ∈ {ψiξ(2ξ − 1), ψi(1 − ξ)(1− 2ξ), ψiξ(1− ξ)}
12
i=1,
and τ1 = τ2 = 0
τ3 ∈{λiξ(3ξ − 1)(3ξ − 2), λiξ(1 − ξ)(2 − 3ξ), λiξ(1 − ξ)(3ξ − 1),
λi(1 − ξ)(3ξ − 1)(3ξ − 2)}
3
i=1.
In this way, we obtain the basis functions of Σ1,h on K. Thus, the degrees of
freedom on each element of the lowest order element are 108 plus 33.
3. The stability analysis for the mixed triangular prism elements
In this section, we consider the well-posedness of the discrete problem (2.10).
By the standard theory, we only need to prove the following two conditions, based
on their counterparts at the continuous level.
• K-ellipticity. There exists a constant C > 0, independent of the meshsize
h such that
(Aτh, τh) ≥ C‖τh‖
2
H(div,Ω) for any τh ∈ Wh,
where Wh is the divergence-free space defined as follows
Wh := {τh ∈ Σk,h | (div τh, v) = 0 for all v ∈ Vk,h}.
• Discrete inf-sup condition. There exists a positive constant C > 0 indepen-
dent of the meshsize h, such that
sup
06=τh∈Σk,h
(divτh, vh)
‖τh‖H(div,Ω)
≥ C‖vh‖0,Ω for any vh ∈ Vk,h.
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It can be easily checked that divΣk,h ⊂ Vk,h. Hence divτh = 0 for any τh ∈ Wh
and this implies the above K-ellipticity condition. It remains to show the discrete
inf-sup condition. We first introduce the following lemma in [24, 28], which is a
key ingredient to prove the discrete inf-sup condition for mixed triangular elasticity
elements.
Let Rxy(∆xy) be the rigid motion space in two dimensions, which reads
Rxy(∆xy) := span
{(
1
0
)
,
(
0
1
)
,
(
y
−x
)}
.
Define the orthogonal complement space ofRxy(∆xy) with respect to Pk+1(∆xy;R
2)
by
R⊥xy(∆xy) := {v ∈ Pk+1(∆xy ;R
2) | (v, w)∆xy = 0 for any w ∈ Rxy(∆xy)},
where the inner product (v, w)∆xy over ∆xy reads (v, w)∆xy =
∫
∆xy
v · w dxdy.
Lemma 3.1. It holds that
divxyH∆xy,k+2,b = R
⊥
xy(∆xy).
Next we follow the arguments in [23, 24, 28, 29] to analyze the discrete inf-sup
condition. To this end, we define the bubble function space
ΣK,k,b := {τ ∈ Σk(K), τν = 0 on ∂K}.
Here ν denotes the normal vector of ∂K. Let RM(K) be the rigid motion space in
three dimensions, which reads
RM(K) := span
{10
0
 ,
01
0
 ,
00
1
 ,
−yx
0
 ,
−z0
x
 ,
 0−z
y
}.
Define the orthogonal complement space of the rigid motion space RM(K) with
respect to Vk(K) by
RM⊥(K) := {v ∈ Vk(K) | (v, w)K = 0 for any w ∈ RM(K)},
where the inner product (v, w)K over K reads (v, w)K =
∫
K
v · w dxdydz.
Lemma 3.2. For any k ≥ 1, it holds that
divΣK,k,b = RM
⊥(K).
Proof. Since it is straightforward to see that divΣK,k,b ⊂ RM
⊥(K), we only need to
prove the converse. If divΣK,k,b 6= RM
⊥(K), there is a nonzero v = (v1, v2, v3)
T ∈
RM⊥(K) such that ∫
K
divτ · v dxdydz = 0 for any τ ∈ ΣK,k,b.
First, we choose τ =
(
τ1 0
0T 0
)
∈ ΣK,k,b such that τ1 ∈ H∆xy,k+2,b × Pk(z). It
follows that
0 =
∫
K
div τ · v dxdydz =
∫
K
divxy τ1 ·
(
v1
v2
)
dxdydz.
From (2.8), we have (v1, v2)
T ∈ Pk+1(∆xy;R
2)×Pk(z). This, together with Lemma
3.1 shows that
(3.1) (v1, v2)
T ∈ Rxy(∆xy)× Pk(z).
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Second, we take τ such that τ11 = τ12 = τ22 = τ13 = τ23 = 0 and
τ33 ∈ bz × Pk(x, y)× Pk(z),
where the bubble function bz is defined in Lemma 2.1. An integration by parts
yields
0 =
∫
K
div τ · v dxdydz = −
∫
K
τ33
∂v3
∂z
dxdydz.
Since ∂v3
∂z
∈ Pk(x, y)× Pk(z), it holds that
(3.2) v3 ∈ Pk(x, y).
Third, we use degrees of freedom of τ13 and τ23 to deal with the remaining part of
(v1, v2, v3)
T in (3.1) and (3.2). Given τ ∈ ΣK,k,b such that τ11 = τ12 = τ22 = τ33 = 0
and (τ13, τ23)
T ∈ bz × BDM∆xy,k+1,b × Pk−1(z), we have
0 =
∫
K
(
(
∂τ13
∂z
v1 +
∂τ23
∂z
v2) + v3 divxy(τ13, τ23)
T
)
dxdydz.
Recall that K = ∆xy ×∆z. An integration by parts gives rises to
(3.3)
∫
∆z
(∫
∆xy
(τ13, τ23)
T · (
∂
∂z
(v1, v2)
T +∇xyv3) dxdy
)
dz = 0.
It follows from (3.1) that there exist two constants c1 and c2, p1, p2 ∈ Pk−2(z), and
p3 ∈ Pk−1(z) such that
∂
∂z
(v1, v2)
T +∇xyv3 = ∇xy(c1x+ c2y + v3 + xzp1 + yzp2) + p3
(
y
−x
)
.
Then, the choice (τ13, τ23)
T = bzp3curlxybxy in (3.3) implies that
(3.4) −
|∆xy|
30
∫
∆z
bzp
2
3 dz = 0,
where bxy is defined in (2.5). Indeed, a simple computation shows that
divxycurlxybxy = 0 and curlxybxy ∈ BDM∆xy,k+1,b,
and
(3.5)
∫
∆xy
curlxybxy · (y,−x)
T dxdy = −
|∆xy|
30
6= 0.
Further, using (3.4), we obtain p3 = 0. Next we show that ∇xy(c1x+ c2y+v3) = 0.
If otherwise, it follows from the second degrees of freedom for the BDM space in
Section 2 that there exists w ∈ BDM∆xy,k+1,b such that∫
∆xy
w · ∇xy(c1x+ c2y + v3) dxdy = 1.
Thus, selecting (τ13, τ23)
T = bzq1w in (3.3), where q1 ∈ Pk−1(z) satisfies∫
∆z
bzq1 dz = 1 and
∫
∆z
bzq1zpi dz = 0 for i = 1, 2.
This leads to a contradiction in (3.3) that 1 = 0. Hence ∇xy(c1x + c2y + v3) = 0.
On the other hand, we select w ∈ BDM∆xy,k+1,b such that
∫
∆xy
w · ∇xyx dxdy = 1
10 JUN HU AND RUI MA
and
∫
∆xy
w · ∇xyy dxdy = 0, and q1 = zp1. This gives p1 = 0. Similar choice yields
p2 = 0. Hence, a collection of the above arguments yields
(3.6)
∂
∂z
(v1, v2)
T +∇xyv3 = 0.
Consequently, we conclude, by (3.1), (3.2) and (3.6),
v = (v1, v2, v3)
T ∈ RM(K),
which completes the proof. 
Before giving the following lemma, we present the H1 conforming triangular
prism element (k ≥ 1)
Uk,h = {v ∈ H
1(Ω; S) | v|K ∈ Pk(∆xy; S)× Pk(z) for any K ∈ Th}.
Let I˜h : H
1(Ω; S) → Uk,h denote the Scott-Zhang interpolation operator in [34]
that satisfies
(3.7) ‖τ − I˜hτ‖0,Ω + h‖∇I˜hτ‖0,Ω ≤ Ch‖∇τ‖0,Ω.
Lemma 3.3. Given any integer k ≥ 1, there exists an interpolation operator Ih :
H1(Ω; S)→ Σk,h satisfying for any τ ∈ H
1(Ω; S),
(3.8)
∫
K
div(τ − Ihτ) · w dxdydz = 0 for any w ∈ RM(K) and any K ∈ Th
and
(3.9) ‖Ihτ‖H(div,Ω) ≤ C‖τ‖1,Ω.
Proof. We use notations τ1, τ2, τ3 to denote the corresponding parts of τ as in
(2.7), and τ˜1,h, τ˜2,h, τ˜3,h are similar defined for I˜hτ such that I˜hτ =
(
τ˜1,h τ˜2,h
τ˜T2,h τ˜3,h
)
.
It follows from degrees of freedom in Lemma 2.1 that there exists τ1,h ∈ Hk+2,h ×
L0k(Zh), τ2,h ∈ BDMk+1 × L
1
k+1(Zh) and τ3,h ∈ L
0
k(Xh) × L
1
k+2(Zh) such that for
face F that parallels the z-axis,∫
F
τ1,hνxy · p ds =
∫
F
(τ1 − τ˜1,h)νxy · p ds for any p ∈ Q1,1(F ),∫
F
τ2,h · νxyp ds =
∫
F
(τ2 − τ˜2,h) · νxyp ds for any p ∈ Q1,0(F ),
and for face F that parallels the (x, y)-plane,
(3.10)
∫
F
τ2,h · p dxdy =
∫
F
(τ2 − τ˜2,h) · p dxdy for any p ∈ Rxy(∆xy),∫
F
τ3,hp dxdy =
∫
F
(τ3 − τ˜3,h)p dxdy for any p ∈ P1(x, y).
Note that (3.10) is a combination of (6) and a slight modification of (7) in Lemma
2.1, replacing p = curlbxy ∈ Ψk+1(∆xy) with p = (y,−x)
T there. This is valid
because of the result (3.5). In addition, the remaining degrees of freedom vanish
for τ1,h, τ2,h and τ3,h.
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Since Uk,h ⊂ Σk,h, we define Ihτ = I˜hτ +
(
τ1,h τ2,h
τT2,h τ3,h
)
. An integration by parts
immediately yields that (3.8) holds true. The stability estimate follows from (3.7)
and the definition of the correction
(
τ1,h τ2,h
τT2,h τ3,h
)
. 
Theorem 3.4. For k ≥ 1, there exists a positive constant C independent of the
meshsize h with
sup
06=τh∈Σk,h
(div τh, vh)
‖τh‖H(div,Ω)
≥ C‖vh‖0,Ω for any vh ∈ Vk,h.
Proof. By the stability of the continuous formulation, see [10, 24], there exists a
τ ∈ H1(Ω; S) such that
div τ = vh and ‖τ‖1,Ω ≤ C‖vh‖0,Ω.
This plus Lemma 3.3 implies that
(3.11)
∫
K
(div Ihτ − vh) · wdx = 0 for any w ∈ RM(K) and any element K
and
(3.12) ‖Ihτ‖H(div,Ω) ≤ C‖vh‖0,Ω.
By Lemma 3.2, there exists a δh ∈ Σk,h such that
(3.13) div δh = vh − div Ihτ and ‖δh‖H(div,Ω) ≤ C‖vh − div Ihτ‖0,Ω.
Let τh = Ihτ + δh. Then we have div τh = vh and ‖τh‖H(div,Ω) ≤ C‖vh‖0,Ω. 
Remark 3.5. Similarly as mentioned in [24], it follows from Lemma 3.2 and
Lemma 3.3 that there exists an interpolation operator Πh : H
1(Ω; S) → Σk,h such
that
(div(τ −Πhτ), vh)K = 0 for any K and vh ∈ Vk,h
for any τ ∈ H1(Ω; S). Further, if τ ∈ Hk+1(Ω; S), it holds that
‖τ −Πhτ‖0,Ω ≤ Ch
k+1‖τ‖k+1,Ω.
Theorem 3.6. Let (σ, u) ∈ Σ × V be the exact solution of problem (2.1) and
(σh, uh) ∈ Σk,h × Vk,h the finite element solution of (2.10). Then, for k ≥ 1,
‖σ − σh‖H(div,Ω) + ‖u− uh‖0,Ω ≤ Ch
k+1(‖σ‖k+2,Ω + ‖u‖k+1,Ω).(3.14)
Proof. We follow the standard error estimate of mixed finite element methods in
[14]
‖σ− σh‖H(div,Ω) + ‖u− uh‖0,Ω ≤ C inf
τh∈Σk,h,vh∈Vk,h
(‖σ− τh‖H(div,Ω)+ ‖u− vh‖0,Ω).
Let Ph denote the local L
2 projection operator, from V to Vk,h, satisfying the error
estimate
‖v − Phv‖0,Ω ≤ Ch
k+1‖v‖k+1,Ω for any v ∈ H
k+1(Ω;R3).
Choosing τh = Πhσ where Πh is defined in Remark 3.5, note that div Πhσ =
Ph div σ, we have
‖σ −Πhσ‖H(div,Ω) ≤ Ch
k+1‖σ‖k+2,Ω.
Consequently, a choice of vh = Phu and τh = Πhσ completes the proof. 
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4. Reduced mixed triangular prism elements
In this section, we provide a family of reduced spaces of Σk,h in (2.6). According
to Lemma 3.2, we know that we only need the degrees of freedom of bubble function
space ΣK,k,b to deal with the space RM
⊥(K). From the proof of Lemma 3.3, we
only need degrees of freedom on faces of the lowest order element to deal with the
rigid motion space RM(K) on each element K. Hence the stress finite elements
can be reduced by replacing Hk+2,h and BDMk+1 in (2.6) by H˜k+2,h and B˜DMk+1
as follows
H˜k+2,h :=
{
τ ∈ H(divxy,Ωxy; S2)
∣∣∣ τ = τℓ + τb, τℓ ∈ Hk,h,
τb|∆xy ∈ H∆xy,k+2,b for any ∆xy ∈ Xh
}
,
B˜DMk+1 :=
{
τ ∈ H(divxy,Ωxy; S2)
∣∣∣ τ = τℓ + τb, τℓ ∈ BDMk,
τb|∆ ∈ BDM∆xy,k+1,b for any ∆xy ∈ Xh
}
.
Remark 4.1. We know that Hk,h is defined for k ≥ 3 in (2.4). When k = 1, 2, we
refer interested readers to [30] for those two cases and omit the specific definitions
herein. Thus, the degrees of freedom on each element of our lowest order case,
which is of second order convergence, are 93 plus 33.
We use Σ˜k,h to denote the new stress spaces. The reduced elements preserve the
same convergence order.
Theorem 4.2. Let (σ, u) ∈ Σ × V be the exact solution of problem (2.1) and
(σh, uh) ∈ Σ˜k,h×Vk,h the discrete solution by the reduced triangular prism elements.
Then, for k ≥ 1,
‖σ − σh‖H(div,Ω) + ‖u− uh‖0,Ω ≤ Ch
k+1(‖σ‖k+2,Ω + ‖u‖k+1,Ω).
Remark 4.3. For k = 1, if we utilize the first order nonconforming stress space of
[11, 22] in two dimensions instead of the first order conforming element of [30], we
obtain a nonconforming mixed triangular prism element of first order convergence,
with 81 plus 33 degrees of freedom. The following error estimate holds
‖σ − σh‖0,Ω + ‖u− uh‖0,Ω ≤ Ch‖u‖2,Ω.
5. Nonconforming mixed tetrahedral elements
We construct a family of nonconforming mixed tetrahedral elements for the linear
elasticity problem. The shape function spaces of the new stress spaces are different
from those of the reduced elements in [22].
5.1. The discrete stress and displacement spaces. For simplification, we still
use some notations in previous sections and adapt them to the current case. The
domain Ω is subdivided by a family of shape regular tetrahedral meshes Th. We
introduce the displacement space as the full C−1-Pk space
(5.1) V nck,h := {v ∈ L
2(Ω;R3) | v|K ∈ Pk(K;R
3) for all K ∈ Th}.
Let xi(1 ≤ i ≤ 4) denote the vertices of tetrahedronK and ti,j = xj−xi(i 6= j) the
tangent vector of edge xixj . Let λi(1 ≤ i ≤ 4) denote the barycentric coordinates
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with respect to xi. Before defining the discrete stress space, we first propose the
following shape function space on element K
Σnck (K) := {τ =
∑
1≤i<j≤4
pijti,jt
T
i,j | pij ∈ Pij},
where
Pij :=Pk(K;R) + (λi − λj)P˜k(λℓ, λm) + λiλjPk−1(K;R)(5.2)
and {ℓ,m} = {1, 2, 3, 4}\{i, j}, see the definition of P˜k(λℓ, λm) in (2.11). We use
the following degrees of freedom in [22]:
(1)
∫
F
τν · v ds for any v ∈ Pk(F ;R
3) and face F ⊂ ∂K,
(2)
∫
K
τ : p dx for any p ∈ HK,k+1,b, where
HK,k+1,b :=
∑
1≤i<j≤4
λiλjPk−1(K;R)ti,jt
T
i,j .
Note that the conditions in (2) are slightly different from those of [22]. The defini-
tion of HK,k+1,b follows from [24, 29], which satisfies
HK,k+1,b = {τ ∈ Pk+1(K; S) | τν|∂K = 0} and divHK,k+1,b = RM
⊥(K).
Here
RM⊥(K) := {v ∈ Pk(K;R
3) | (v, w)K = 0 for any w ∈ RM(K)}.
In order to count the dimensions of Σnck (K), we propose the following direct sum
decomposition, which can be easily checked.
Lemma 5.1. It holds that
(5.3) Pij = Pk(K;R)⊕ (λi − λj)P˜k(λℓ, λm)⊕ λiλjP
⊥
k−2(K;R),
where
P⊥k−2(K;R) := {p ∈ Pk−1(K;R) | (p, q)K = 0 for all q ∈ Pk−2(K;R)}.
Theorem 5.2. The conditions in (1) and (2) form unisolvent degrees of freedom
for Σnck (K).
Proof. It follows immediately from the direct sum decomposition (5.3) that the
dimensions of Σnck (K) are equal to the number of conditions in (1) and (2). Next,
we show that if the degrees of freedom all vanish for some τ ∈ Σnck (K), then τ = 0.
Suppose τ =
∑
1≤i<j≤4
pijti,jt
T
i,j and pij ∈ Pij . In the following, we suppose pij is
defined for any 1 ≤ i 6= j ≤ 4 with pij = pji. Give vertex xi, let Fi denote the face
opposite it. Note that for any v ∈ Pk(Fi;R
3)
0 =
∫
Fi
τν · v ds =
4∑
s=1,s6=i
(ti,s · ν)
∫
Fi
pis(ti,s · v) ds.
Since ti,s(1 ≤ s ≤ 4, s 6= i) are linearly independent, there exists a vector n satisfies
n ·ti,j = 1 and n ·ti,s = 0 for s = ℓ,m. By selecting v = w1n in the above equation,
we obtain ∫
Fi
pijw1 ds = 0 for any w1 ∈ Pk(Fi;R).
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Similar arguments show that∫
Fj
pijw2 ds = 0 for any w2 ∈ Pk(Fj ;R).
Thanks to the decomposition (5.3), pij is of the form
pij =
∑
αℓ+αm+αi+αj=k
Cαℓαmαiαjλ
αℓ
ℓ λ
αm
m λ
αi
i λ
αj
j
+ (λi − λj)
∑
βℓ+βm=k
Dβℓβmλ
βℓ
ℓ λ
βm
m + λiλjp1,
(5.4)
where p1 ∈ P
⊥
k−2(K;R). Here we use the fact that
Pk(K;R) = span
{
4∏
s=1
λαss ,
4∑
s=1
αs = k
}
.
The expression in (5.4) immediately yields that for any w1 ∈ Pk(Fi;R)∫
Fi
( ∑
αℓ+αm+αj=k
Cαℓαm0αjλ
αℓ
ℓ λ
αm
m λ
αj
j
− λj
∑
βℓ+βm=k
Dβℓβmλ
βℓ
ℓ λ
βm
m
)
w1 ds = 0,
(5.5)
and for any w2 ∈ Pk(Fj ;R)∫
Fj
( ∑
αℓ+αm+αi=k
Cαℓαmαi0λ
αℓ
ℓ λ
αm
m λ
αi
i
+ λi
∑
βℓ+βm=k
Dβℓβmλ
βℓ
ℓ λ
βm
m
)
w2 ds = 0.
(5.6)
Note that the restrictions of λs(s 6= i) on Fi and λs(s 6= j) on Fj are exactly the
barycentric coordinates on Fi and Fj , respectively. Then, it holds that
Pk(Fj ;R) = span

4∏
s=1,s6=j
(λs|Fj )
αs ,
4∑
s=1,s6=j
αs = k
 .
Therefore, replacing λi by λj and the domain Fj by Fi in (5.6), we have that for
any w1 ∈ Pk(Fi;R)∫
Fi
( ∑
αℓ+αm+αj=k
Cαℓαmαj0λ
αℓ
ℓ λ
αm
m λ
αj
j + λj
∑
βℓ+βm=k
Dβℓβmλ
βℓ
ℓ λ
βm
m
)
w1 ds = 0.
By comparing with (5.5), we get that
(5.7)
∫
Fi
∑
αℓ+αm+αj=k
(Cαℓαm0αj + Cαℓαmαj0)λ
αℓ
ℓ λ
αm
m λ
αj
j w1 ds = 0.
Since w1 ∈ Pk(Fi;R) is arbitrary, this yields that
(5.8) Cαℓαm00 = 0 for any αℓ + αm = k
and
Cαℓαm0αj = −Cαℓαmαj0 for any αℓ + αm + αj = k with αj ≥ 1.
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Inserting (5.8) into (5.5) shows that∫
Fi
λj
( ∑
αℓ+αm+αj=k
αj≥1
Cαℓαm0αjλ
αℓ
ℓ λ
αm
m λ
αj−1
j −
∑
βℓ+βm=k
Dβℓβmλ
βℓ
ℓ λ
βm
m
)
w1 ds = 0,
which implies
Cαℓαm0αj = Cαℓαmαj0 = Dβℓβm = 0.
Consequently, we have
pij = λiλj
∑
αℓ+αm+αi+αj=k
αi,αj≥1
Cαℓαmαiαjλ
αℓ
ℓ λ
αm
m λ
αi−1
i λ
αj−1
j + λiλjp1.
Now, using the conditions in (2) and p1 ∈ Pk−1(K;R), we finally find that pij = 0,
which completes the proof. 
We define the nonconforming stress space for k ≥ 1
Σnck,h :=
{
τ ∈ L2(Ω; S)
∣∣∣ τ |K ∈ Σnck (K) for any K ∈ Th, and the moments(5.9)
of τν up to degree k are continuous across internal faces
}
.
Remark 5.3. The shape function space Σnck (K) can be alternatively defined, replac-
ing (λi − λj)P˜k(λℓ, λm) in (5.2) by (c1λi + c2λj)P˜k(λℓ, λm) with any two different
constants c1 and c2. This is valid since we can still get the key result (5.7) in the
proof of Theorem 5.2. When c1 = 0 or c2 = 0, we recover the reduced elements in
[22].
Our method finds (σh, uh) ∈ Σ
nc
k,h × V
nc
k,h such that{
(Aσh, τ) + (divhτ, uh) = 0 for all τ ∈ Σ
nc
k,h,
(divhσh, v) = (f, v) for all v ∈ V
nc
k,h.
(5.10)
Here divh denotes the discrete counterpart of the divergence operator div. We have
the following error estimate as in [22].
Theorem 5.4. Suppose k ≥ 1 and σ ∈ H1(Ω; S). Then for any 1 ≤ r ≤ k,
‖σ − σh‖0,Ω + ‖u− uh‖0,Ω ≤ Ch
r‖u‖r+1,Ω.
Moreover, if full elliptic regularity [22, (3.19)] holds, then
‖u− uh‖0,Ω ≤ Ch
r+1‖u‖r+1,Ω.
5.2. Basis functions of the stress space for k = 1. The degrees of freedom of
Σnc1 (K) are 42. The six interior bubble functions on tetrahedron K are as follows
λiλjti,jt
T
i,j , 1 ≤ i < j ≤ 4.
Below we give the basis functions associated with face F1 as an example. The three
vertices of F1 are x2,x3,x4 and h1 denotes the height from x1 to F1. By direct
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computation, we obtain nine functions φ
(s)
1,j ∈ P1j for 2 ≤ j ≤ 4, 1 ≤ s ≤ 3 that
φ
(1)
1,2 = 27λ2 − 9λ1 − 3(λ3 + λ4) + 30(λ1 − λ2)(λ3 + λ4),
φ
(2)
1,2 = −15λ2 + 9λ1 + 9λ3 − 3λ4 − 60(λ1 − λ2)λ3,
φ
(3)
1,2 = −15λ2 + 9λ1 − 3λ3 + 9λ4 − 60(λ1 − λ2)λ4,
φ
(1)
1,3 = −15λ3 + 9λ1 − 3λ4 + 9λ2 − 60(λ1 − λ3)λ2,
φ
(2)
1,3 = 27λ3 − 9λ1 − 3(λ4 + λ2) + 30(λ1 − λ3)(λ4 + λ2),
φ
(3)
1,3 = −15λ3 + 9λ1 + 9λ4 − 3λ2 − 60(λ1 − λ3)λ4,
φ
(1)
1,4 = −15λ4 + 9λ1 + 9λ2 − 3λ3 − 60(λ1 − λ4)λ2,
φ
(2)
1,4 = −15λ4 + 9λ1 − 3λ2 + 9λ3 − 60(λ1 − λ4)λ3,
φ
(3)
1,4 = 27λ4 − 9λ1 − 3(λ2 + λ3) + 30(λ1 − λ4)(λ2 + λ3),
which satisfy
(5.11)
∫
Fj
φ
(s)
1,jw ds = 0 for any w ∈ P1(Fj ;R)
and for any 1 ≤ r ≤ 3
1
2|F1|
∫
F1
φ
(s)
1,jλr+1 ds = δs,r :=
{
1 if s = r,
0 otherwise.
Define Φ
(s)
1,j = φ
(s)
1,jt1,jt
T
1,j . It follows from (5.11) that∫
Fr
Φ
(s)
1,jν · v ds = 0 for any v ∈ P1(Fr ;R
3) and 2 ≤ r ≤ 4.
We want to establish the global basis across element interfaces. To this end, we
find three arbitrary linear independent vectors n1,n2 and n3 associated with face
F1. Let {Φℓ}
9
ℓ=1 denote the collection of the nine matrix-valued functions Φ
(s)
1,j and
{qℓ}
9
ℓ=1 = {λ2n1, λ3n1, λ4n1, λ2n2, λ3n2, λ4n2, λ2n3, λ3n3, λ4n3}.
Define the matrix H = (hℓm) ∈ R
9×9, where
hℓm =
∫
F1
qℓ · (Φmν) ds, 1 ≤ ℓ,m ≤ 9.
Wewrite down the explicit expression ofH . For example h11 =
∫
F1
λ2n1·(Φ
(1)
1,2ν) ds =
2h1|F1|t1,2 · n1 = 6|K|t1,2 · n1, then
H = 6|K|
(t1,2 · n1)δ (t1,3 · n1)δ (t1,4 · n1)δ(t1,2 · n2)δ (t1,3 · n2)δ (t1,4 · n2)δ
(t1,2 · n3)δ (t1,3 · n3)δ (t1,4 · n3)δ
 .
Here δ ∈ R3×3 denotes the identity matrix. Note that t1,j(2 ≤ j ≤ 4) are linearly
independent, we have
(5.12) S = (sij) =
t1,2 · n1 t1,3 · n1 t1,4 · n1t1,2 · n2 t1,3 · n2 t1,4 · n2
t1,2 · n3 t1,3 · n3 t1,4 · n3
−1 ,
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which means that we transform t1,2, t1,3, t1,4 to n1,n2,n3. Further, it can be
checked that the inverse of H is as follows
H−1 = (bℓm) =
1
6|K|
s11δ s12δ s13δs21δ s22δ s23δ
s31δ s32δ s33δ
 .
Consequently, the desired nine basis functions associated with F1 are
(5.13) Ψm =
9∑
ℓ=1
bℓmΦℓ, 1 ≤ m ≤ 9,
satisfying ∫
F1
qℓ · (Ψmν) ds = δℓ,m, 1 ≤ ℓ ≤ 9.
For any two elements K and K ′ which share the common face F1, vectors ni(1 ≤
i ≤ 3) associated with F1 can be chosen as the dual basis of tangent vectors t1,2,
t1,3 and t1,4 of K. In this case, on element K, we have S = δ and thus
H−1 =
1
6|K|
δ 0 00 δ 0
0 0 δ
 .
Hence the basis functions Ψm associated with F1 on element K are exactly
1
6|K|Φm.
In conclusion, to get the global basis functions, we first need to find nine functions
φ
(s)
i,j (j 6= i) for face Fi as above, which are defined in barycentric coordinates and
independent of all elements. Then, we need to compute the inverse of the 3 × 3
matrix as in (5.12) for face Fi on each element. The basis functions follow from
(5.13).
5.3. The nonconforming mixed triangular elements. Following similar argu-
ments, we construct the nonconforming stress space on triangular meshes. In this
subsection, we suppose domain Ω ⊂ R2 is subdivided by a family of shape regular
triangular meshes Th. Notations here are similar to those in the three dimensional
case. Given triangle K ∈ Th, we define the shape function space of order k ≥ 1
Σnck (K) := {τ =
∑
1≤i<j≤3
pijti,jt
T
i,j | pij ∈ Pij},
where
Pij :=Pk(K;R) + span{(λi − λj)λ
k
ℓ }+ λiλjPk−1(K;R)
and {ℓ} = {1, 2, 3}\{i, j}. The degrees of freedom are as follows:
(1)
∫
e
τν · v ds for any v ∈ Pk(e;R
2) and edge e ⊂ ∂K,
(2)
∫
K
τ : p dx for any p ∈ HK,k+1,b, where
HK,k+1,b =
∑
1≤i<j≤3
λiλjPk−1(K;R)ti,jt
T
i,j .
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The proof of unisolvence is similar as in Theorem 5.2. Then we define the stress
space for k ≥ 1
Σnck,h :=
{
τ ∈ L2(Ω; S2)
∣∣∣ τ |K ∈ Σnck (K) for any K ∈ Th, and the moments
of τν up to degree k are continuous across internal edges
}
.
Below we give the basis functions of Σnc1 (K). The three interior bubble functions
are
λiλjti,jt
T
i,j , 1 ≤ i < j ≤ 3.
We give the basis functions associated with edge e1 as an example. The two vertices
of e1 are x2,x3. By direct computation, we obtain four functions φ
(s)
1,j ∈ P1j for
2 ≤ j ≤ 3, 1 ≤ s ≤ 2 that
φ
(1)
1,2 = 5λ2 − λ1 − λ3 + 6(λ1 − λ2)λ3,
φ
(2)
1,2 = −4λ2 + 2λ1 + 2λ3 − 12(λ1 − λ2)λ3,
φ
(1)
1,3 = −4λ3 + 2λ1 + 2λ2 − 12(λ1 − λ3)λ2,
φ
(2)
1,3 = 5λ3 − λ1 − λ2 + 6(λ1 − λ3)λ2,
which satisfy ∫
ej
φ
(s)
1,jw ds = 0 for any w ∈ P1(ej ;R)
and for any 1 ≤ r ≤ 2
1
|e1|
∫
e1
φ
(s)
1,jλr+1 ds = δs,r.
Here ej denotes the edge of K opposite vertex xj . Define Φ
(s)
1,j = φ
(s)
1,jt1,jt
T
1,j . We
find two arbitrary linear independent vectors n1 and n2 associated with edge e1.
Let {Φℓ}
4
ℓ=1 denote the collection of the four matrix-valued functions Φ
(s)
1,j and
{qℓ}
4
ℓ=1 = {λ2n1, λ3n1, λ2n2, λ3n2}. Define the matrix H = (hℓm) ∈ R
4×4, where
hℓm =
∫
F1
qℓ · (Φmν) ds, 1 ≤ ℓ,m ≤ 4.
We write down the explicit expression of H that
H = 2|K|
(
(t1,2 · n1)δ (t1,3 · n1)δ
(t1,2 · n2)δ (t1,3 · n2)δ
)
.
Here δ ∈ R2×2 denotes the identity matrix. Note that t1,j(2 ≤ j ≤ 3) are linearly
independent, we have
S = (sij) =
(
t1,2 · n1 t1,3 · n1
t1,2 · n2 t1,3 · n2
)−1
,
which means that we transform t1,2, t1,3 to n1,n2. Further, the inverse of H is as
follows
H−1 = (bℓm) =
1
2|K|
(
s11δ s12δ
s21δ s22δ
)
.
Consequently, the desired four basis functions associated with e1 are
Ψm =
4∑
ℓ=1
bℓmΦℓ, 1 ≤ m ≤ 4,
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satisfying ∫
e1
qℓ · (Ψmν) ds = δℓ,m, 1 ≤ ℓ ≤ 4.
As mentioned in the three dimensional case, n1 and n2 can be chosen as the dual
basis of tangent vectors t1,2 and t1,3 of some element that share e1.
6. Numerical results
We compute one example in 3D, by the lowest order case of the two family ele-
ments, respectively. It is a pure displacement problem on the unit cube Ω = (0, 1)3
with a homogeneous boundary condition that u ≡ 0 on ∂Ω. In the computation,
let
Aσ =
1
2µ
(
σ −
λ
2µ+ 3λ
tr(σ)δ
)
,
where δ =
1 0 00 1 0
0 0 1
, and µ = 1/2 and λ = 1 are the Lame´ constants.
Let the exact solution on the unit square [0, 1]3 be
(6.1) u =
2425
26
 x(1− x)y(1− y)z(1− z).
Then, the true stress function σ and the load function f are defined by the equations
in (2.1), for the given solution u.
6.1. The mixed triangular prism element. We use the mixed triangular prism
element of k = 1 in Section 2. In the computation, each mesh is refined into a half-
sized mesh uniformly, see the initial mesh in Figure 6.1. In Table 6.1, the errors
and the convergence order in various norms are listed for the true solution (6.1),
by the mixed finite element in (2.6) and (2.9), with k = 1 there. The optimal order
of convergence is achieved in Table 6.1, coinciding with Theorem 3.6.
6.2. The nonconforming mixed tetrahedral element. We compute the exam-
ple on tetrahedral meshes by the lowest order nonconforming mixed element. The
computational results are listed in Table 6.2, which verifies Theorem 5.4.
Table 6.1. The error and the order of convergence by the mixed
triangular prism element, k = 1 in (2.6) and (2.9), for (6.1).
‖σ − σh‖0,Ω h
n ‖u− uh‖0,Ω h
n ‖ div(σ − σh)‖0,Ω h
n
1 1.61682569 0.0 0.21093411 0.0 6.10467990 0.0
2 0.48388087 1.74 0.06461602 1.71 1.74304423 1.81
3 0.12795918 1.92 0.01699145 1.92 0.45537323 1.94
4 0.03244990 1.98 0.00429655 1.98 0.11514501 1.98
5 0.00814520 1.99 0.00429654 1.99 0.02886873 1.99
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Table 6.2. The error and the order of convergence by the non-
conforming mixed tetrahedral element, k = 1 in (5.1) and (5.3),
for (6.1).
‖σ − σh‖0,Ω h
n ‖u− uh‖0,Ω h
n ‖ div(σ − σh)‖0,Ω h
n
1 1.56676383 0.0 0.28991289 0.0 9.20147348 0.0
2 0.78169912 1.00 0.09157813 1.66 2.89615493 1.67
3 0.34907155 1.16 0.02569030 1.83 0.77454646 1.90
4 0.16459839 1.08 0.00660946 1.96 0.19693780 1.97
5 0.08060083 1.03 0.00166329 1.99 0.04944284 1.99
✟✟
✟
✟✟
✟
✟✟
✟
✭✭✭✭
✭✭✭✭
✭✭
✟✟
✟
✟✟
✟
✟✟
✟
 
 
 
 
 
  
☞
☞
☞
☞
☞
☞
☞
☞
✭✭✭✭
✭✭✭✭
✭✭
Figure 6.1. The initial meshes for the triangular prism and
tetrahedral partitions, respectively.
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